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1 Introduction

Regression models form a broad family of supervised learning methods. They have
wide applications in many fields, including medical studies, where they can be used
to quantify the association of biological features with the investigated outcome [1][2].
Although basic regression models are simple and powerful tools that allow the estimation
of relationship strength and outcome prediction, they also have substantial limitations,
especially relevant in modern experiments.

In the biological field, many studies face analytically demanding datasets, particu-
larly involving;:

e high dimensionality - the number of features is usually much larger than the num-
ber of observations,

e strong correlations between the covariates,
e sparse signals - the majority of the features do not influence the response variable,
e missing values.

These constraints can make standard regression models insufficient or even impossible
to apply. Adaptive Bayesian SLOPE (ABSLOPE) [3] addresses these challenges by
combining the sorted L; penalized estimation (SLOPE) [4] with Bayesian spike-and-slab
modeling. It aims to exclude unimportant covariates from the model and simultaneously
provide reliable estimation of signal strengths. As many biological datasets contain
missing values, ABSLOPE also incorporates adaptive imputation during model fitting.

2 Aim

The aim of this thesis is to extend the existing Adaptive Bayesian SLOPE model,
developed for Gaussian regression, to the logistic case. Although the Gaussian model
is suitable for problems with continuous response variables, classification problems in-
volving categorical outcomes are equally important and often encountered in biomedical
analyses [5][6]. Logistic regression provides a way to model binary classification, broad-
ening the range of possible ABSLOPE applications.

To enable binary modeling using the ABSLOPE estimator, we describe a logistic
version of the model and provide its implementation. The original package, developed in
Rcpp, was rewritten as a standalone C++ implementation and is available both as an R
and C++ package. In addition, the previously used SLOPE solver, alternating direction
method of multipliers (ADMM), was replaced with the more computationally efficient
hybrid coordinate descent algorithm, implemented in the SLOPE library described in
[7].



3 Regression analysis

Regression analysis is a statistical approach focused on modeling the relationship be-
tween a response (outcome) variable associated with the phenomenon under study and
measured covariates, called explanatory variables or predictors. Many model formula-
tions are possible, depending on the assumptions about the form of this relationship, the
properties of the response vector and data complexity. In this section, we first introduce
regression models, focusing on linear and logistic regression, then move to regularization
methods and Bayesian approaches, including spike-and-slab models.

3.1 Gaussian and logistic regression

Generalized linear models (GLMs) form a class of regression models used to model
the relationship between the expected value of a response variable and a set of predictors.

Definition 3.1. Given a sample consisting of n observations {y;, z;1,...,%;p}rq, let
Y1, --.,Y, be the realizations of the independent random outcome variables Yi,...,Y,,.
We assume that all Y; belong to the same exponential family, with probability density
or mass function given by

0;y;—A(6;)

p(y17917¢) = h(yla¢)e ¢ )

where 6; and ¢ > 0 are parameters, while A(-,-) and A(-) symbolize known functions
and A has a continuous second derivative.

For each i € {1,...,n}, a generalized linear model defines the relationship between
the predictors x; = (z;1,...,%i,)" and the conditional expected value y; = E[Y; | x;, 3]
as

(i) = mi = Bo+ w1 B+ - -+ xipS,

where 8 = (8o, ...,5,)" is a vector of model coefficients, 7; is called a linear predictor
and ¢(-) represents a link function.

Two fundamental regression methods are Gaussian and logistic models. Since they
are crucial for this thesis, we introduce them explicitly. First, we define the normal
distribution, which underlies Gaussian regression.

Definition 3.2. The random variable Y follows a normal (Gaussian) distribution with
mean E[Y] = u and variance Var(Y) = 02, where p € R and % > 0, if its probability
density function takes the form

1 _ (y—1)?

py) = o=¢

We write Y ~ N(u,o?).

To formulate the Gaussian model in matrix form, we need to extend the univariate
normal distribution to the multivariate setting. This requires introducing the covariance
matrix, which is a parameter of the multivariate Gaussian distribution.
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Definition 3.3. The covariance of random variables X and Y is defined as
Cov(X,Y) = E[(X - E[X])(Y — E[Y])]
— E[XY] — E[X]E[Y].
Using Definitions and [3.3] we can now extend the Gaussian distribution to the

multivariate case.

Definition 3.4. The random vector Y = (V1,...,Y,,)? follows a multivariate normal
(Gaussian) distribution N,,(u, ), where g € R™ denotes the mean vector and ¥ € R"*"
is the symmetric and positive-definite covariance matrix, if its joint probability density
function is given by

1 1 T —1
P@)Zaﬁﬁﬁﬁﬁgﬂp{—?y—ﬂ)x Q“WU}~

Here, p = (E[Y1],...,E[Y,])? = E[Y] and ¥ = Cov(Y,Y).

Gaussian regression is a special case of a generalized linear model under the assumption
that the response vector, conditionally on the measured features and model parameters,
follows a multivariate Gaussian distribution.

Definition 3.5. Let Y = (V1,...,Y,)? be the response (outcome) random vector and
let X = (1,X4,...,X,) be the design matrix where 1 denotes a vector of ones. Gaussian
regression uses the identity link function, leading to the model formulated as

E[Y[X,8] = X3

and assumes

Y | X, 8,0% ~ N, (XB,0°L,),
where o2 denotes the variance parameter and I, is the identity matrix of size n x n.
Equivalently, Gaussian regression can be expressed as
Y =X8 +e,

where € | 6% ~ N,(0,0°1,) is a noise vector, with 0 symbolizing a vector of zeros.
Indeed, this representation leads to

E[Y [X,8] =E[XB+e¢|X, 0] =XB+E[e] = XB,
Cov(Y | X, B,0%) = Cov(XB + ¢ | X, B,0%) = Cov (g | 0°) = 0L,
The next model is used for binary outcomes.

Definition 3.6. The random variable Y € {0, 1} follows a Bernoulli distribution with
parameter 0 < 7 < 1 if
PY=1)=n=1-PY =0).

Thus, the probability mass function of the Bernoulli distribution can be written as
ply) = (1 —m)' .
Then E[Y] = 7 and Var(Y) = n(1 — 7).



With a binary response, modeling its expected value as a linear function of the measured
covariates can lead to values outside the interval [0, 1]. Instead, we use a generalized
linear model with the logit link function.

Definition 3.7. The function logit : (0,1) — R is defined as

logit(7) = log <1L) :
-

Then, the logistic model is defined as follows.

Definition 3.8. Let Y;, i € {1,...,n}, be conditionally independent random variables
following Bernoulli distributions Y; | x;,3 ~ Bernoulli(;). Logistic regression models
the relationship between m; = E[Y; | x;, 3] and the linear predictor n; as

logit(m;) = log ( i ) =n;.

1-— Yy
Hence, the probabilities are given by

1

= —.
L+em

In GLMs, the conditional distribution of the response variable given the predictors

depends on the coefficient vector 3. We now turn to the estimation of 3, which is one

of the fundamental problems in regression analysis.

3.2 Maximum likelihood estimator

To find the estimate of the coefficient vector 3, we can use the maximum likelihood
method. First, we define the likelihood function.

Definition 3.9. Let yi,...,y, be the realizations of independent random variables
Y1,...,Y, with probability density or mass functions p(y;,w), where w € ) denotes a
vector of parameters and () is the parameter space. The function L : 2 — R, defined as

L(w) = [[ (v, w).
i=1
is called the likelihood function.

Suppose that in the above definition w = (3, ¢) denotes a vector of the model param-
eters, including 3 and any additional model characteristics represented by . Given
the realizations y = (y1,...,9,)7 of the outcome vector Y, let p(y;,w) be the proba-
bility density function of a component Y;, ¢ € {1,...,n}. The idea is to estimate the
parameters by maximizing the likelihood function.

Definition 3.10. The maximum likelihood estimator (MLE) of the regression model
parameters, given the values of the outcome variable and predictors, is defined as

w = argmax L(w).
wel
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Since the logarithm is a strictly increasing function, maximizing the likelihood is equiv-
alent to maximizing the log-likelihood, denoted by [(w). Therefore, the estimator given
in Definition [3.10] can also be written as

w = arg max log L(w) = arg max [(w).
we wes)

The maximum likelihood method allows for the estimation of all model parameters. In
particular, in the case of linear regression, we estimate both the coefficient vector 3 and
the variance of errors. To concentrate solely on the estimation of the coefficient vector,
we can treat o2 as fixed.

Let x; = (@i, Ti1, .., Tip)! be the i-th row of the design matrix, i € {1,...,n},
where x;5 = 1 corresponds to the intercept. Then, the MLE of 3 in the Gaussian model
can be obtained as

2 S (vi —x/B)
= arg max €xX -
BuLE ﬁgRPH ZI_I V202 P{ 202

_ argmaxz (—1 log (270 ) - <yz _2X22TB)2)

1 o
BeRrett T

= argmin||y — X3|J3.
BeRP+1

Thus for each j € {0,...,p}, we have
a n
a5, D (wi—x/B)* = —QZ —x; B)zi; = —2X(y - XB),
J =1

where X.; is the j-th column of the design matrix, the gradient of the loss function is
given by
Vslly = X8|I; = —2X"(y - XB).
Hence, the Hessian matrix takes the form
Villy - X8l = 2X"X.
To introduce the constraints on the design matrix X, we first define the rank of a matrix.

Definition 3.11. The rank of a matrix X € R™P*! is the maximum number of lin-
early independent columns of X (or equivalently, the maximum number of its linearly
independent rows). It satisfies

rank(X) < min{n,p + 1}.
The matrix has full rank if
rank(X) = min{n,p + 1}.

In particular, when rank(X) = p+ 1, the matrix X is said to have full column rank, and
if rank(X) = n, full row rank.



Assuming that the columns of the design matrix are linearly independent, or equivalently
that the matrix X has full column rank, the Hessian 2X7X is positive definite, since

vz e RPN\ {0} 2'X"Xz = (Xz)"(Xz) = | Xz|[3 > 0.

Thus, the maximum likelihood estimator, that is, the coefficient vector minimizing the
loss function, satisfies

_2XT(Y - XBMLE) =0 = ,éMLE = (XTX)fley.

The full column rank assumption on X implies p4+ 1 < n. Hence, B vmLE cannot be used
in the high-dimensional data setup, where the number of predictors usually exceeds the
number of observations. Moreover, when p + 1 = n, a model becomes saturated with 3
estimated as

Bure =X (X XTy =Xy,
Thus, y = XBML g =y and the model does not provide any new information.

Remark 1. Because the maximum likelihood estimator of the coefficient vector in linear
regression has a closed-form expression, we can determine the conditional distribution
of Byre given X and 3. Since Y | X, 3,02 ~ N, (X3, ¢%1,,), it follows that

E [Buse | X.6) = E[(X"X)7'X"Y | X, 8] = (X"X)"'X"E[Y | X, 4]
= (X"X)(X"X)8 = B,

COV(BMLE | Xa/Ba 02) = Cov ((XTX)_leY | Xaﬁa 02)
= (XTX)7'X"Cov(Y | X, 8,0 ((X"X)7'XT)"
= ?(XTX) I XITX(XTX) !
= o?(XTX)
Thus Burre | X, B, 0% ~ Nyt (B, 02(XTX) 7).

For the logistic model, the only parameter is 3. Its maximum likelihood estimator
takes the form
n
BuLe = arg maXHﬂfi(l — )t
BERPTL Gy

= arg maxz (y;log(m;) + (1 — v;) log(1 — m;))
BERPHT =1

= arg maxz (Iog(l — ;) + y; log 1 o )
=1

BeRp+1 i i
= arg minz (log(1 + €") — y;m;) .
BERPTL i
Unlike in Gaussian regression, the MLE of 3 in the logistic model lacks a closed-form
solution. Consequently, it has to be obtained numerically using convex optimization
algorithms.



3.3 Regularization methods

With high-dimensional data, using classical model estimators, like MLE, may not be
possible or lead to overfitting. Regularization methods try to overcome these limitations
by adding a penalty term to the loss function, shrinking coefficient values.

Definition 3.12. The penalized maximum likelihood estimator of regression coefficients
is given by R
Byen = arg max {I(8, ) — pen(A)} .
BERP+1
where pen()\) denotes a penalty term and A is either a single tuning parameter or a
tuning parameter vector.

Knowing that some covariates do not influence the outcome variable, we would like
to exclude them from the model. This is achievable with an L;-type penalty term, i.e., a
scaled sum of the absolute values of the coefficients. It shrinks the coefficient estimates
toward zero and, given sufficiently large tuning parameters, can set some of them exactly
to zero. Thus, the corresponding variables will be excluded from the model, with their
effect on the outcome variable assumed to be negligible.

One of the most fundamental methods used for variable selection is LASSO (Least
Absolute Shrinkage and Selection Operator), first introduced in [8].

Definition 3.13. The LASSO regularization term takes the form
p
pen(A) =AY |5,
j=1

where A > 0 is a tuning parameter.

It is worth mentioning that, as shown in [9], a unique LASSO solution has at most
min{n, p} nonzero coefficients. Therefore, in high-dimensional settings, when p > n,
LASSO can select at most n of the p predictors. Since intercept is not penalized, it is
not included in this restriction.

A great asset of LASSO is the ability to successfully recognize many important
covariates. However, as shown in [10], it turns out that under linear sparsity, meaning
that the proportion of variables with nonzero effects remains asymptotically constant,
even with strong signals and independent predictors, false discoveries occur early during
variable selection. In fact, under this constraint it is unattainable for LASSO to obtain
high power and, at the same time, maintain a low false discovery rate [10].

To address these limitations, the SLOPE (Sorted L-One Penalized Estimation) method
was proposed in [4].

Definition 3.14. The SLOPE penalty term is given by

p
pen(A) = a > 1By,
j=1



where a > 0 denotes a scaling parameter. Here, the ordered non-ascending absolute
values of the penalized coefficients |3|qy > --- > |B]|(,) are assigned the respective
tuning parameters A\; > --- > A, > 0. The penalty can also be written as

P
pen(A) = « Z Aria.|Bil;
j=1

where 7(3,7) € {1,...,p} is the rank of |3;| among the absolute values |B1],..., |5,
sorted in non-ascending order.

In the case of linear regression, when Y | X, 3,02 ~ N (X8, 0°1,), the scaling parameter
becomes o = 1/0.
In particular, when A\; = --- = A, = A, the SLOPE penalty term simplifies to

pen(d) =a Y Al =ar) 181 = XD 15
j=1 j=1 j=1

Thus, the solution of SLOPE becomes equivalent to the LASSO estimator.

As shown in [4], the use of an ordered non-ascending tuning parameter sequence A
in SLOPE is similar to the Benjamini-Hochberg multiple testing procedure, introduced
in |11]. Given many statistical tests, it adjusts the discovery threshold by increasing it
for the larger p-values, thereby controlling the false discovery rate.

Definition 3.15. Let V' be the number of false discoveries, i.e., falsely rejected null
hypotheses, and let R denote the number of all discoveries. The false discovery rate is
defined as

FDR=E {ﬁ} .

The tuning parameter sequence arising from the Benjamini-Hochberg critical values is

given by
ABH;i =% <1 —@i) )
bl 2p

where z(-) denotes the quantile of the standard normal distribution. As proven in [4],
Apg controls the FDR at level g for an orthogonal design matrix.

An important property of SLOPE, described extensively in [12], is its ability to
merge regression coefficients by assigning the same absolute estimated values within the
clusters. Consequently, the effective model dimensionality is reduced from the number
of predictors to the number of clusters and thus, unlike LASSO, SLOPE can select more
than n predictors.

Although combining maximum likelihood estimation with an L;-type penalty allows
for eliminating unimportant predictors from the model, shrinking all coefficients toward
zero results in estimation bias. In consequence, it can lead to misrepresentation of the
effect sizes. This issue is especially relevant for SLOPE, where relatively large tuning
parameters may be required to control the FDR. An intuitive method is a two-step
procedure: first, we identify important variables using an L;-type penalty and then
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estimate coefficients corresponding to the selected predictors with unpenalized GLM.
Another way of preventing bias, which we present here, is to use the mixture-prior
models based on the Bayesian approach. Let us begin with the general form of the
Bayesian estimator and its connection to the penalized estimator.

3.4 Bayesian estimator

The objective of a Bayesian approach is to express uncertainty of unobserved quan-
tities, such as model parameters, through a probability distribution. The distribution,
called a priori, is chosen on the basis of presumptions about the nature of these quanti-
ties. Then, given the evidence data, it is updated according to the following theorem.

Theorem 1 (Bayes’ theorem). Lety denote the observed data and let @ be the unknown
parameters. Then
p(y | 0)p(6)

p(@ly) = o)

with p(@ | y) representing the conditional probability of the parameters given the evi-
dence, called the a posteriori distribution, p(y | @) standing for the likelihood and p(@)
denoting the a priori distribution.

In particular, we can associate 8 in Theorem [I] with the coefficient vector 3, conditioning
its distribution on any additional model parameters ¢. Then, the evidence y represents
the observed values of the outcome variable. Thus, using the introduced interpretation
and adding conditioning on the design matrix X and additional model parameters, we
can rewrite theorem [I as follows

By, X, ) xply | B,X,0)p(B | X, ¢).

Given that, we aim to obtain the Bayesian estimator of the regression coefficient vector
3.

Definition 3.16. The Bayesian estimator of the regression model parameters is given
by

Bpavps = argmaxp(B |y, X, ¢) = argmax{logp(y | B, X, ¢) +logp(B | X, ¢)}.
BeRp+1 BeRp+1
After comparing this approach with the penalized maximum likelihood estimator
introduced in definition [3.12] it becomes clear that the two estimators are equivalent.
By choosing the right prior, we can obtain any penalized maximum likelihood coefficient
estimator, including the LASSO and SLOPE estimators, using the Bayesian approach.
First, we introduce the Laplace distribution.

Definition 3.17. The probability density function of a Laplace(u, b) distribution with
the location parameter ;1 and the scale parameter b > 0 is given by

| X
= %@ b
The mean and variance of a random variable following the Laplace distribution equal p
and 2b2, respectively.

p()
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Next, we define the LASSO prior.

Definition 3.18. The Bayesian LASSO estimate, introduced in [8], assumes the inde-
pendent Laplace(0,1/\) priors for each 3;, j € {1,...,p}

A
p(B;) = Se Ml
2
The full LASSO prior density can be written as

DI (3) ezt

J=1

and after taking the logarithm, we obtain
)\ p
logp(B| A) =plog 5 — AZ 151

Since plog(A\/2) does not depend on the coefficient vector, it can be omitted from the
final form of the estimator. As a result, after changing the sign, we recover the LASSO
penalty defined in Definition [3.13]

The same approach can be used to derive the prior corresponding to the SLOPE
penalty. The SLOPE prior on the coefficients in linear regression was defined in [13].
Here, we introduce the generalization of this prior.

Definition 3.19. The prior distribution for the SLOPE estimator is assumed to be
p(B | X 0) = C(X a)e i hea i,
where C'(\, @) is a normalizing constant and a > 0 denotes a scaling parameter.

The logarithm of the SLOPE prior takes the form

P
logp(B | X, ) =log C(X, ) — Y AaplBil.

=1

Removing the logarithm of constant and changing the sign gives us exactly the SLOPE
penalty.

In [13], the SLOPE estimator in the linear case was defined with a = <. Tying the
penalty and the noise variance allows for tuning the penalty to the variability of the
response variable and guarantees a unimodal posterior for 8. A multi-modal posterior,
i.e., with more than one local maximum of the probability density function, poses the-
oretical and computational challenges. As explained in [13|, a single point estimate is
not comprehensive in that scenario, as a proper summary should incorporate all modes.
A multi-modal posterior can also slow the Markov chain Monte Carlo methods.

12



3.5 Mixture-prior estimators

To avoid the estimation bias arising from shrinking all coefficients toward zero, we
may use a mixture-prior estimator. By combining two distributions, called the "spike"
and "slab", this approach aims to achieve both variable selection and accurate coefficient
estimation.

Definition 3.20. The general spike-and-slab prior is given by
p
p(B 1) = [Tl (8) + L —v)we(B)], ¥ ~p(¥),
7=1

with ¢(5) serving as a "slab" distribution for estimating signal strengths, concen-
trated around zero "spike" distribution (), accounting for noise filtering, and v =
(Y15, 9) %, vi € {0,1}, indexing the 27 possible subset models [14].

In |14] this idea was combined with the Bayesian LASSO prior, resulting in the
spike-and-slab LASSO.

Definition 3.21. The spike-and-slab LASSO prior is a mixture of two Laplace distri-
butions with different variances, namely

¢1 (6) - %Q_Allﬁa A1 SmaIL
Yo(B) = %6_%'67 Ao large.

Assuming

py [ 0) = Hmﬂl—ew 0 ~ p(0),

where § = P(y; = 1| 6) is the inclusion parameter representing the presumed fraction
of signals, the prior distribution conditional on # can be written as

p
A A
pB10)=1] [051@“1'5]' +(1- 6)?06—/\o|5j|

J=1

Figure 1] presents example prior densities for the spike-and-slab LASSO. The "spike"
distribution is characterized by substantially smaller variance than the "slab" distribu-
tion, thereby increasing shrinkage toward zero and promoting model sparsity. On the
other hand, smaller \; increases the variance of the Laplace distribution, resulting in
higher probabilities of large coefficient values.

13
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Figure 1: Spike-and-slab LASSO priors - Laplace densities.

4 Adaptive Bayesian SLOPE

Adaptive Bayesian SLOPE (ABSLOPE), first introduced in [3], follows the idea of
spike-and-slab LASSO. By combining the mixture prior estimator with the Bayesian
SLOPE model, it aims to suppress the over-shrinkage of important coefficients while
maintaining satisfactory power and FDR levels. Unlike for SLOPE, there is no theo-
retical proof of ABSLOPE controlling the FDR, even under orthogonal design matrix
assumption. Nevertheless, it often does so in practice, which was shown in |3| through
extensive simulations across many settings. Moreover, ABSLOPE has the ability to
impute the missing values in the design matrix during modeling, treating them as latent
variables. This is an important extension, especially for application to biomedical data,
which are often affected by missingness.

4.1 Gaussian adaptive Bayesian SLOPE

The original ABSLOPE formulation in [3] was developed solely for Gaussian regres-
sion. To present it, we first define a beta distribution, which is later used in the model
as a prior for the inclusion parameter 6.

Definition 4.1. A random variable Y is said to follow the beta distribution Beta(a,b),
a >0, b > 0, if its probability density function is given by
['(a+0b)
a—1 b—1
= 1— T
py) =y (1—y) (T ()

where -
I'(k) = / th=te~tdt
0
is the gamma function. Then

a ab

E[Y] = , Var(Y) = (@+02a+b+1)

14



The ABSLOPE mixture prior can be formulated as follows.

Definition 4.2. The adaptive Bayesian SLOPE prior is defined as

p
p(B |y, ¢,0%A) x cj=1 Hy=1} Hefiwjﬁr(ws,j)lﬁjl'
j=1

It consists of several components.

1. The predictor inclusion indicator v; € {0,1}, determining whether 3; is a signal
or noise. Similarly as to the spike-and-slab LASSO, v = (y1,...,7,)7 indexes
the 2P possible model configurations and each ; is assumed to follow a Bernoulli
distribution Bernoulli(), where 6 € (0,1) is a mixing (prior inclusion) weight,
indicating the level of model sparsity. It can be either fixed or assumed to come
from a beta distribution Beta(a,b), where the values of a and b are specified by
the user.

2. The parameter ¢ € (0, 1), controlling the scaling of the penalty between the noise
and signal components. The non-informative uniform prior on [0, 1] is assigned to
c.

3. The diagonal weighting matrix W = diag(wy, ..., w,), where

c, ’7:1
wj_C%‘Jr(l—%‘)_{l 7]‘_0-
9 ]

4. If the noise variance is unknown, a non-informative prior p(o?) o 5 is assigned.

In the above definition, a mixture distribution is induced with the weighting matrix
W through the scaling parameter c. When 7, = 1, i.e., §; is considered a signal, the
penalty is reduced and the model switches to the slab prior. On the other hand, when
7; = 0 and B; is assumed to be a noise, the initial penalty, corresponding to the spike
component, is preserved.

The ABSLOPE model was developed on the basis of the SLOPE prior. In fact, it
can be shown that the solution of adaptive Bayesian SLOPE can be obtained through
the SLOPE estimator with rescaled coefficients. To do this, we first formulate the
distribution of a linear transformation of a random vector.

Lemma 1. Let Z be a random vector following a distribution with probability density
function pz(z). Let 3 = W'Z, where W is a real, invertible matriz. Then the proba-
bility density of B is given by

p(B) = | det(W)|pz(WB).

We can now move on to the following proposition.

15



Proposition 1. Let Z = (Zy, ..., Z,)" be arandom vector with the SLOPE prior, given
in Definition with a = %, ie.

p
p(Z | 0'2, A) X He_%AT(z,j)szl'

Jj=1

duced in Definition

T
Then B8 = W'Z = é}i—i, ey Z—’;) follows the adaptive Bayesian SLOPE prior, intro-

Proof. Let the random vector Z = (Zy,...,Z,)" follow the SLOPE prior. We define
B = W'Z, where W = diag(wy, ..., w,) and

C, ’)/jzl

, ce (0,1).
1 a0 (0,1)

wj =cy;+ (1 —75) = {
Using Lemma [l the prior on B can be calculated as

p(B | W, 0% ) oc [Juw; [T eolermso
j=1  j=1
p
— i W=} H e~ WilBil 3 Arwe.5)
j=1
Thus, we obtain the exact adaptive Bayesian SLOPE prior. m

Figure [2] depicts the model variables, parameters and their dependencies in a graph.
In addition to the elements described above, it also includes p and 3, considered solely
for the missing values imputation.

o8

My

Figure 2: A graphical overview of the ABSLOPE model. White circles contain latent
variables, colored circles show observed variables and squares designate parameters.
Arrows depict dependencies between the model elements. Source: [3].
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As mentioned before, ABSLOPE has the ability to impute values missing from the
design matrix. Let X be a matrix of size n X p, centered (which enables omitting the
intercept) and standardized so that all columns have a unit L, norm, i.e.,

Vie{l.p) D Xy=0 ad D X2-1
i=1 i=1

For each row i € {1,...,n} of the design matrix X we distinguish two parts: a vector
X obs, Which includes only observed data, and the missing part X ,,;s. These two com-
ponents are separated by denoting X = (X,ps, Xnis). Moreover, all rows are presumed
to follow a multivariate normal distribution N,(pu,X). Both the decomposition of the
design matrix and the parameters of its distribution were included in Figure

Missing data can be classified using one of the three probabilistic mechanisms, de-
scribed in [15):

e missing completely at random (MCAR) - absence is not related to any values in
the data, neither observed nor missing,

e missing at random (MAR) - the probability of the value being missing depends
only on the observed data,

e missing not at random (MNAR) - absence depends on the missing values them-
selves.

In the case of ABSLOPE, the MAR mechanism is assumed, which means that the
missingness mechanism is not considered when maximizing the likelihood. Since MCAR
has stricter requirements than MAR, it holds also for that mechanism.

To summarize all models described in the thesis so far, we present their main char-
acteristics in Figure [3
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Regularization methods Bayesian approach Mixture-prior models

Variable selection through L;-type Coefficients estimated through posterior Bayesian mixture-prior models enable
penalty. Coefficients are shrunk toward inference. With proper prior, the MAP simultaneous variable selection and
zero, which may bias estimation of signal solution can recover the corresponding adaptive estimation of nonzero
strengths. penalized likelihood estimator. coefficients.
LASSO Bayesian LASSO spike-and-slab LASSO
« Single penalty parameter \. « Independent Laplace(0,1/X) prior « Prior combining two Laplace
« No explicit FDR control. on each coefficient. distributions with different scales.
LASSO « Under linear sparsity, increasing « Joint Laplace prior induces the exact « Spike - strong shrinkage of noise
power entails higher false discovery LASSO penalty. coefficients toward zero.
proportion. « Slab - weaker shrinkage to preserve

and estimate nonzero coefficients.

SLOPE Bayesian SLOPE Adaptive Bayesian SLOPE/SLOBE
« Sequence of rank-dependent penalty « Sparsity induced through a joint, « Rank-dependent spike-and-slab prior.
parameters. rank-dependent prior. « FDR control shown empirically
SLOPE « Theoretically derived FDR control « Maximum a posteriori solution through simulation studies.
under orthogonal design. corresponds to the SLOPE « Missing values treated as latent
« Can cluster coefficients with similar estimation. variables and imputed during
magnitudes. estimation.

Figure 3: Summary of the introduced estimation methods along with the outlines of
corresponding LASSO and SLOPE variants.

4.2 Parameter estimation

We present the algorithm used for ABSLOPE parameter estimation and model se-
lection. It was based on the expectation-maximization algorithm.

Definition 4.3. The expectation-maximization (EM) algorithm, introduced in [16], is
an iterative approach to finding maximum likelihood estimates of parameters in models
involving unobserved latent variables. Let t denote the observed data, z the latent
variables and w a vector of parameters. The complete-data log-likelihood is given by

leomp(w; t,2z) = logp(t,z | w).

We aim to maximize the observed log-likelihood, i.e., the logarithm of the complete-data
likelihood integrated over the latent variables

lops(w) = log p(t | w) = 1og/p(t,z | w) dz.

In each iteration, the algorithm consists of two steps.

1. E step. Given the estimates of parameters from the previous iteration, we calcu-
late the conditional expected value of the complete-data log-likelihood:

Qw | w(t)) = EUCOWW(‘*’) | t7w(t)]-
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2. M step. The parameter estimates are updated as

W = arg max Q(w | w¥).
w

ABSLOPE uses a modification of EM called stochastic approximation expectation-
maximization (SAEM) algorithm. It estimates the latent variables by drawing one
realization of them in each iteration and updating the expected complete-data log-
likelihood using stochastic approximation. Because the sampling step can be compu-
tationally challenging, a faster version, called SLOBE, was proposed in |3|. Instead of
a full stochastic approximation, SLOBE estimates the latent variable values with their
conditional expected values. This not only decreases computational cost, but also can
reduces the variability caused by sampling. The logistic extension was implemented only
for SLOBE, therefore we omit the full SAEM procedure and focus only on the updates
with conditional expectations. The algorithm consists of the following steps.

1. Latent variables approximation. At iteration ¢, the values of latent variables
20 = (XU ~® 0 60 are estimated using their conditional expectation

E [Xonis, ¥, ¢, 0 | ¥, Xops, 87,0070 =0 501

In practice, given the quantities from the previous iteration (the superscripts are
hidden to simplify notation), they are approximated as follows.

(a) -, is updated as

Ocexp{—c2|B| A\wp, }
(1 —0) exp{—1[8;|\rewp,) } + Ocexp{—ct|B;| g}

]Eh/] =1 | ’Y—jacu@vaaeaw] =

(b) 6 is approximated as

a+ Z?:l 1{y; =1}

E[¢|~,8,0,W] = P

(c) We update ¢ with

1 I3l
fo % e Ty

1 )
fO @ —le=Vzdyp

E[C|77IB7UJW] -

where
p 1 p
o =14+ My =1} V'=—3 16\weyl{n =1}
j=1 i=1

(d) Missing values are imputed using their conditional expectation

X(t)

1,M1S

= E [Xi,mis ’ Yis Xi,ob57 B(t_l)a O—(t_l)a “(t_l)a E(t_l)} .
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Since in Gaussian regression the conditional distribution of Y is normal and
the prior on missing values is also Gaussian, the posterior distribution, given

by
Xm'is ~ p(szs | 77 Gy, XObS7 /67 g, 07 Na E)
= p(szs | Yy, Xob87 /67 o, i, E)
X p(y | Xobsa Xmis; ﬂ7 U)p(Xmis ’ Xob57 M, Z)

is Gaussian as well.

2. Maximization. Parameter estimates are obtained by maximizing the complete-
data log-likelihood.

(a)

Coeflicient vector 3 is estimated as

1 1 o
pY = arg max {—WHY - XYBIE - o= > )WJ’W(W%J)} )

j=1

where X = (X, X%S). By Proposition , it boils down to obtaining the

SLOPE estimates given W® X® and o1,

In case of unknown noise variance, o is calculated as

® ! © g2 A
o\ = arg max —nlog(a)—TﬂH}’—X B ”2_7

>0

1
= 5 (494 V407 + anlly - x0p013).

n

where

p
t t
AD =3 w187 A moge -
j=1
Design matrix distribution parameters are u, 3 are calculated as

1 1
p®, 20 = arg max —o log(27|X|) — é(X(t) — ) 'S NxX® — ).
©,x

When p << n, the solution is equivalent to the empirical mean and covariance
matrix

1 n
pO =" "x" 30 =N - p ) )T
i=1

i=1
In high-dimensional setting, the covariance matrix is calculated using the
Ledoit-Wolf shrinkage estimator

¥ = oI, + poS,  where pp,pp = argmin E|2® — 3|2,
P1,P2

where S is the sample covariance matrix.
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4.3 Logistic adaptive Bayesian SLOPE

We extend the original Gaussian ABSLOPE, allowing the modeling of a binary
response. One of the main differences between the two models concerns the scaling. In
Gaussian ABSLOPE, the prior depends on the noise standard deviation o, which does
not exist in logistic regression. In [17], simulation involving a binary outcome variable
and SLOPE were conducted using the Ay tuning sequence scaled by 0.5. Motivated
by this choice, we replace the scaling factor % in the prior from Definition with 0.5.

Definition 4.4. The prior on the coeflicients of the logistic ABSLOPE is given by

p
p(B | 7., A) oc Zim M= [T em0omitomen 155]
j=1

Other prior components, including the prior distributions and interpretations of ~, 6, ¢
and W, remain the same. Since the only modification is the scaling factor, Proposition
[ still holds for oo = 0.5.

The SLOBE algorithm was adapted analogously. Each occurrence of % in the condi-
tional expectations of latent variables was replaced by 0.5, while the parts that do not
depend on ¢ remained unchanged. The main modification was made in the coefficient
vector estimation through SLOPE, where the Gaussian likelihood was replaced by the
logistic likelihood

" P
B%) = arg max {Z (yin; — log(1 +€")) — 0.5 Z w]('t) ’ﬁj‘)‘r(W“)B,J’)} :
=1

B i=1

Thus, this step corresponds to the logistic version of SLOPE estimator with a = 0.5.

An important component of Gaussian ABSLOPE is imputation, which relies on the
Gaussian likelihood. In logistic ABSLOPE, the conditional distribution of the missing
covariates is no longer normal and the imputation mechanism used in the Gaussian
model is not available. Thus, we omit the imputation of missing values in the logistic
extension.

5 Implementation details

The new ABSLOPE implementation was designed to be modular and easy to extend
in the future. The main algorithm and core functions, previously developed using Rcpp,
were implemented in a standalone C++ package, available in the GitHub repository
[18]. Separating the pivotal functionality from the user interface makes it easier to sup-
port other programming languages, such as Python, in the future. Moreover, changing
ADMM solver to hybrid coordinate descent algorithm, implemented in 1ibslope pack-
age in C++, required further adaptation of the code by switching from the Armadillo
to the Eigen library.

We provide a simple interface through an R package, which can be downloaded from
the GitHub repository [19]. The slobe package allows users to generate example data,
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fit the ABSLOPE model using the SLOBE algorithm and access the estimated model
parameters directly from R. A simple example of fitting the model in R is presented
below.

library(slobe)

dat <- slobe:::generate_data(
n = 100, p = 100, signals_num = 15, signals_strength = 1,

rho = 0, p_missing = 0.1, response = "gaussian"
)
fit <- slobe(dat$X, dat$y, family = "gaussian")
fit$coefficients

6 Simulation study

We evaluate the new SLOBE implementation and examine the logistic extension
through simulations following the simulation studies based on the frameworks in |[3|
and [17]. All presented analyses were conducted in R and are available in the GitHub
repository [20].

6.1 Simulation scheme

We generate artificial datasets with n observations and p predictors as follows.

1. The rows of the design matrix X are generated independently from the multivariate
normal distribution N, (0, %R), with a Toeplitz correlation matrix

1 p e pp—l
o .. _2
R= p 1 .. pp: ’
pp.—l pp.—2 e 1

where p is the correlation parameter.

2. For a fixed coefficient vector 3, we calculate the linear predictor

n= (7717"'777H)T:Xﬁ'

Then, the response is generated according to the corresponding model. In the
Gaussian case, by Definition [3.5 we use

y=XB+e¢,

where € ~ N(0,1,).
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To generate a binary outcome vector in the logistic case, we first obtain the success
probabilities according to the model in Definition [3.8}

i ie{l,...,n}.

e
Then, each y; is independently drawn from the Bernoulli(;) distribution.

3. Missing values are introduced into the design matrix according to the missing
completely at random (MCAR) mechanism. For each element z;;, a value w;; is
drawn from the uniform distribution UJ[0, 1] and w;; is amputed if w;; is smaller
than the specified proportion of missing values.

In each scenario, for both Gaussian and logistic models, we repeat the experiments 200
times. Then, the performance evaluation is based on the power, false discovery rate,
relative mean squared error and relative squared prediction error [3]:

TP

o Power = 75 7%

FP
e FDR=E max{FP1TP1} |

o MSE = 122,

_ X8B3
* MSP = S

Here, T'P denotes the number of true positives, meaning coefficients correctly classified
as nonzero, F'P is the number of false positives, i.e., zero coefficients incorrectly identified
as signals and F'N represents the number of false negatives - true signals identified as
noise. The obtained measures values are averaged over 200 repetitions.

6.2 Comparison of SLOBE and ABSLOPE implementations

First, we compare the original and new SLOBE implementations, which are ex-
pected to yield similar results, and additionally include ABSLOPE with the full SAEM
algorithm. We set n = p = 100 and consider the following scenarios:

e 3 6,10, 12 and 15 signals,
e no missingness and 10% missing values,
e pc{0,0.5},

e following [3|, the nonzero elements of 3 take the form c¢y/2logp for ¢ € {1.3,3},
where ¢ = 1.3 corresponds to weak signals and ¢ = 3 to strong signals.
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The Appy tuning sequence was generated using the nominal FDR level ¢ = 0.05.
Figure [] shows the average computation times.

Figure 4:
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Average computation times for both versions of SLOBE and ABSLOPE de-

pending on the proportion of missing values, predictor correlation, signal strength and
number of signals. The second panel shows a closer comparison of the two SLOBE
implementations.

As expected, ABSLOPE using the SAEM algorithm required considerably more time

than the SLOBE implementations, especially for datasets with missing values. The

computation times of both ABSLOPE and old SLOBE increased with the number of

signals. In case of the new SLOBE implementation, this trend was less pronounced.
Figure |5 shows the powers obtained by each method in different scenarios.
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Figure 5: Power of both SLOBE versions and ABSLOPE depending on the proportion
of missing values, predictor correlation, signal strength and number of signals.

In the case of strong signals, all implementations yielded similar results, with power
close to one. For weak signals, both SLOBE implementations produced very similar
results and generally achieved average power higher or comparable to that of ABSLOPE.
The difference between SLOBE and ABSLOPE was particularly visible with the small
number of signals.

Figure [6] presents the average false discovery rates.
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Figure 6: False discovery rates obtained for old and new SLOBE implementations and
ABSLOPE across analysed scenarios. Black line shows the nominal FDR level ¢ = 0.05.

Once again, the two SLOBE implementations obtained almost identical values. The
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largest differences between SLOBE and ABSLOPE occurred for the weak signals com-
bined with correlated predictors, which also yielded the highest false discovery rates.
With uncorrelated predictors, the FDR generally remained close to the nominal level
q = 0.05. ABSLOPE often achieved lower FDR for weak signals, although this was not
consistent for strong signals, especially with correlated predictors.

Figure [7] presents the average relative mean squared errors for each method across
all scenarios.
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Figure 7: Average MSE values for the old and new SLOBE implementations and ABS-
LOPE across the considered scenarios.

The three algorithms obtained very similar estimation errors across all settings. Strong

signals resulted in substantially lower MSE values and introducing missing values gen-

erally increased the error slightly. Correlation had almost no effect on the results.
Figure [8| presents the obtained average MSP values.
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Figure 8: Average MSP values for the old and new SLOBE implementations and ABS-
LOPE across the considered scenarios.

The MSP results were very similar to those obtained for the estimation errors. The
most notable difference was the decrease in prediction errors as the number of nonzero
coefficients increased for weak signals.

Overall, the SLOBE implementation produced very similar results to the original
algorithm while showing a slower increase in computation time as the number of signals
grew.

6.3 Comparison of logistic models
For the logistic simulations, we set n = 100 and consider the following settings:
e p =100 signals: 3, 6, 10, 12 and 15 signals,
p = 300 signals: 50, 100, 120, 150 signals,
e pc{0,0.5},
e following [17], the nonzero coefficients are set to 7, 10 or 15.

Since the imputation is not included in the logistic extension, all datasets in this part are
generated without missing values. We compare logistic ABSLOPE with the following
models:

e LASSO with the tuning parameter selected by cross-validation based on AUC,

e SLOPE with the tuning sequence Ay with ¢ = 0.05 and scaling parameter «
selected through cross-validation based on AUC,

e spike-and-slab LASSO with spike parameter \; = 0.5 and slab parameter Ao tuned
using the cross-validation.
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Figure [9] depicts the performance of all models for p = 100.
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Figure 9: Comparison of logistic SLOBE, cross-validated LASSO, SLOPE and spike-
and-slab LASSO for n = p = 100 across different signal strengths, predictor correlations
and numbers of signals. The dashed line on the FDR plot indicates the nominal level
q = 0.05.

Cross-validated LASSO achieved the highest power in every scenario, although at the
same time it produced considerably higher FDR values. This is consistent with the
properties of LASSO discussed previously - high power can come at the cost of a large
number of false discoveries. Despite this, LASSO maintained relatively low MSE and
MSP values compared with the other models.

SLOBE turned out to be much more conservative, achieving substantially lower
power, especially for weaker signals. However, for uncorrelated predictors, it was the

28



only method that consistently maintained the FDR below the nominal level ¢ = 0.05.

Spike-and-slab LASSO achieved better or similar power to SLOBE. Its FDR values
were also slightly higher, but at the same time it yielded lower relative prediction and
estimation errors, especially for stronger signals.

Unlike the other models, SLOPE did not show an increase in power for stronger
signals. Moreover, even for uncorrelated predictors, it did not maintain the FDR control
on a level ¢ = 0.05, with particularly high values observed for weaker signals. This
illustrates the advantage of the adaptive Bayesian SLOPE, which allows a stronger
penalty to be assigned to noise coefficients and can therefore reduce the FDR. Moreover,
SLOBE improved MSE and MSP compared with SLOPE, which is consistent with the
aim of the spike-and-slab approach to reduce estimation bias.

It is also worth noticing that in the logistic setting, correlation between the predic-
tors mainly affected the FDR. Its influence on power, MSE and MSP was much less
pronounced.

Figure [L0| presents the results for the higher dimensional setting with p = 300. These
results generally confirm the relationships observed for p = 100, although the overall
results considerably worsened. In particular, all methods achieved substantially lower
power, while the relative estimation and prediction errors increased. LASSO once again
obtained the highest power, along with high FDR values, whereas SLOBE maintained
the low power and FDR values.
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Figure 10: Comparison of logistic SLOBE, cross-validated LASSO, SLOPE and spike-
and-slab LASSO for n = 100 and p = 300 across different signal strengths, predictor
correlations and numbers of signals. The dashed line on the FDR plot indicates the

nominal level ¢ = 0.05

7 Conclusions

Regression methods play an important role in modern data analysis. Classical gen-
eralized linear models, although still widely used, may become insufficient for high-
dimensional datasets characterized by strong correlations, sparse signals and missing
values. In this thesis, starting from basic regression models, we discussed regularization
methods that enable variable selection, Bayesian approaches providing greater flexibility
and mixture models combining two distributions within a single prior. These concepts
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led to adaptive Bayesian SLOPE, which addresses these challenges, often encountered
in demanding biomedical experiments.

The main contribution of this thesis was the extension of ABSLOPE from Gaussian
to logistic regression. The existing SLOBE implementation was rewritten using a more
efficient solver and made available as C++ and R packages. The performance of both
the new implementation and the logistic extension was evaluated through simulation
studies.

The presented work offers several directions for further development. As mentioned
previously, the standalone C++ package containing the core SLOBE algorithm pro-
vides a good starting point for integration with other programming languages, such as
Python. A crucial extension would be to incorporate the imputation of missing values
in the logistic adaptive Bayesian SLOPE. One possible approach is Polya-Gamma aug-
mentation, which through additional latent variables transforms the logistic likelihood
into a conditionally Gaussian form [21]. Another possible direction is to extend AB-
SLOPE to other regression models, for example multinomial regression. Overall, the
flexibility of the Bayesian approach and the separation of the SLOBE algorithm from
the language-specific interface provide several possibilities for the further development
of ABSLOPE.

31



Notation

L - ean
o? - variance

Y - covariance matrix

n - number of observations

p - number of regressors

Y - response (outcome) random variable
y - observed response vector

X - design matrix

€ - noise vector

3 - coefficient vector

I, - identity matrix of size n x n

7 - expected value of a variable following the Bernoulli distribution (probability
of success)

7 - linear predictor

L - likelihood function

[ - log-likelihood function

w - a vector of all model parameters

o - a vector of model parameters other than coefficients

BM g - maximum likelihood estimator of the coefficient vector
Z(B) - Fisher information matrix

pen(A) - penalty term

A - tuning parameter

« - scaling parameter

r(3,Jj) - rank of |3;| among the absolute values of the coefficient vector sorted in
the non-increasing order

p(+) - probability density or mass function

C(-) - normalizing constant
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~ - vector of signal inclusion indicators
Wy - "slab" distribution

1o - "spike" distribution

0 - inclusion parameter

c - penalty scaling parameter

W - diagonal weighting matrix
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